The semiclassical instanton approach discussed by Kryvohuz [J. Chem. Phys. 134, 114103 (2011)] is applied to calculate kinetic H/D isotope effect (KIE) of intramolecular hydrogen transfer in cis-1,3-pentadiene. All 33 vibrational degrees of freedom are treated quantum mechanically with semiclassical approximation. Nuclear quantum effects such as tunneling under the barrier and zero-point energy are automatically incorporated in the theory, and are shown to be responsible for the observed appreciable kinetic isotope effect in cis-1,3-pentadiene. Over the barrier passage is also automatically included. Numerical calculations are performed on an empirical valence bond potential energy surface and compared with the previous experimental and theoretical studies. An estimation of heavyatom 12 C/ 13 C KIE in the same system is also provided and the factors contributing to it are discussed.
I. INTRODUCTION
Proton, hydrogen, and hydride transfer reactions play important roles in many chemically and biologically important processes. Due to the light mass of transferring hydrogen atom, nuclear quantum effects such as tunneling and zeropoint energy (ZPE) may play a significant role. Recent experimental and theoretical studies showed the occurrence of tunneling in reactions of enzyme catalysis, 1 which emphasized the importance of nuclear quantum effects in hydrogen transfer reactions. [2] [3] [4] [5] [6] [7] One of the most direct experimental tools for the assessment of the mechanism of hydrogen transfer is measurement of kinetic isotope effects (KIE). 8 The KIE is the ratio of rates of two reactant isotopologues, which in case of hydrogen transfer is usually the ratio of the rate of hydrogen transfer to the rate of deuterium transfer, k H /k D , or to the rate of tritium transfer, k H /k T . Large values of KIE can be indicators of significant quantum effects. 7, 9, 10 Nuclear zero-point energy effects can result in the values of KIE up to k H /k D = 7 at room temperatures, 11, 12 while higher values of KIE suggest involvement of quantum mechanical tunneling in the mechanism of hydrogen transfer. [13] [14] [15] [16] A KIE close to 100 has been experimentally observed in reactions of enzyme catalysis even at physiological temperatures, 17 and KIE of more than 400 has been reported for a non-enzymatic system. 18 Development of an adequate theoretical approach for quantitative description of KIEs is of much interest for understanding the physical origin of the observed KIEs and mechanisms of the underlying chemical reactions.
For quantitative description of KIEs it is necessary to employ a reaction rate theory that incorporates quantum mechanical effects. Several quantum reaction rate theories exist and have been tested on multiple chemical and biological systems. [19] [20] [21] [22] [23] [24] [25] [26] [27] For a given potential energy surface (PES), the a) Electronic mail: mkryvohuz@anl.gov. b) Electronic mail: ram@caltech.edu.
quantum instanton approach 22 provides accurate estimates of quantum mechanical reaction rates. 28, 29 However, it requires considerable statistical sampling on the order 10 7 points 30, 31 and thus may need a priori knowledge of PES. On the other hand, in cases when PES is not known, or when a direct path integral approach requires a considerable computational effort, a simplified way of rate constant estimation looks attractive. 20, 32 One of such methods is based on the semiclassical instanton theory, 21, [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] and is capable of accounting for nuclear quantum effects such as zero-point energy and tunneling. Another merit of the instanton approach is that it provides more conceptual insight on the role of nuclear quantum effects, and tunneling in particular, in the mechanism of a chemical reaction. It does not involve ad hoc approximations of tunneling phenomena and thus can provide an automated method for rigorous evaluation of chemical reaction rate constants and KIEs in multiatomic systems. A quantitative advantage of the semiclassical instanton approach is its dependence on a single¯β-periodic classical trajectory. These trajectories are sufficiently easy to find using methodology described in the present paper or other methods. 40, 45, 48 While for known PES, the semiclassical instanton approach can provide a simple and rather accurate estimate of quantum reaction rate constants, for molecular systems with unknown PES the determination of instanton trajectories can be efficiently combined with on the fly ab initio calculations of PES, which has been already successfully implemented in Refs. 47, 49 , and 50.
A major limitation of semiclassical instanton theory was the restriction of its applicability only to low-temperature systems. We have recently proposed an extension of the semiclassical instanton method 51 which can be applied at any temperature and checked its validity for the estimation of quantum reaction rate constants of several atom-diatom scattering reactions. Although the semiclassical instanton approach underestimated reaction rate constants by a factor of 1.5−2, which is primarily due to the neglect of anharmonicity effects of the orthogonal to the reaction coordinate degrees of freedom, reacting species. We thus expect that the semiclassical instanton approach can provide accurate estimates of KIEs. In this paper we test the performance of the semiclassical instanton method for calculation of kinetic isotope effects of intramolecular hydrogen transfer in cis-1,3-pentadiene. [53] [54] [55] [56] The KIEs of 4 to 5 have been experimentally observed in this system in the temperature range of 460−500 K, 57 and the importance of quantum tunneling has been emphasized for this reaction. 53, 54 We calculate KIE by comparing the rate constants of H transfer in the same isotopologues that were measured in experiment: hydrogen transfer in D 2 C(CH) 3 CH 3 and deuterium transfer in H 2 C(CH) 3 CD 3 . We also study heavy atom 12 C/ 13 C KIEs of H transfer in D 2 C(CH) 3 CH 3 . Due to the importance of skeleton motions and possible dynamical effects of environment on hydrogen transfer step in reactions of enzyme catalysis, 58 this multidimensional 13-atomic system may serve as a prototype of hydrogen transfer in enzyme reactions, particularly in approaches where a subset of the atoms ∼50 is treated quantum mechanically and the rest by other methods. 1, 10, 59, 60 The paper is organized as follows. In Sec. II the semiclassical instanton approach is reviewed and the key equations (2.1) and (2.2) of the paper are provided. In Sec. III, the type of potential energy surface used in calculations is discussed. In Secs. IV and V the algorithm for the search of instanton trajectories is discussed and the results of numerical calculations of H/D and heavy-atom KIEs are presented. The paper is concluded in Sec. VI with a discussion of the results and suggestions for the future improvements and applications of the present approach.
II. SEMICLASSICAL INSTANTON APPROACH
The semiclassical instanton approach can be considered as a multidimensional generalization of the semiclassical WKB theory. 61 This approach is based on determination of particular classical periodic trajectories, called instantons, on inverted potential energy surfaces. Instantons correspond to oscillations along a single stable degree of freedom which originates from the unstable degree of freedom (the reaction coordinate) after inversion of PES. 33 These periodic trajectories make dominant contributions to the quantum partition function path integrals allowing one to evaluate them within a stationary phase approximation. Classical parameters corresponding to instanton trajectories, such as energy E inst , action W inst , and stability parameters λ n enter the resulting semiclassical expressions and provide an estimate for the quantum parameter of interest such as reaction rate constant or ground state energy splitting. 33, 35, 40, 41, [62] [63] [64] [65] [66] [67] [68] [69] In Ref. 51 , the following semiclassical expressions for reaction rate constants k were proposed based on the instanton theory
where β c is the crossover parameter defined in Eq. (2.8) which separates high-temperature and low-temperature regimes; Q r is the partition function of the reactants and
is the partition function of orthogonal to the reaction coordinate oscillators (transverse degrees of freedom).
is the effective total free energy of transverse degrees of freedom.
is the total vibrational energy, in which E inst is the vibrational energy associated with the instanton trajectory and E vib is the vibrational energy of transverse degrees of freedom given by the Gibbs-Helmholtz expression
The factor Corr( ) accounts for the anharmonicity of the effective one-dimensional potential barrier along the reaction coordinate at high temperatures 41 and is given by
The expression in curly brackets in Eq. (2.1) stands for the anharmonicity of the barrier along the reaction coordinate at tunneling temperatures β > β c . 70 It also contains the error function erf( ) ≡ (1/ √ 2π ) −∞ exp(−x 2 /2)dx which truncates spectrum of energies available for tunneling at the barrier top.
The above parameters
dτ , and λ n (β) are calculated along the¯β-periodic classical trajectory, the instanton, on inverted N-dimensional reactive PES in mass-scaled coordinates and are functions of the inverse temperature β ≡ 1/κ B T. V 0 ≡ E( β c ) is the effective barrier height, which includes zeropoint energy contributions of the N − 1 degrees of freedom orthogonal to the reaction coordinate. The crossover inverse temperature β c is the root of equation
where we have defined an effective total Euclidian action
Equation (2.8) is equivalent to zero value of the effective WKB action (or the abbreviated action) W ≡ 2 b aṡ ds = 0 along the reaction coordinate s. The latter occurs when the two real semiclassical turning points a and b coincide at the barrier top, a = b. Physically β c corresponds to the temperature above which an optimal tunneling path disappears, and tunneling effects become non-dominant (although the effects of over-the-barrier reflections and non-dominant tunneling contributions are rigorously present in Eqs. (2.1) and (2.2) as discussed further in this section).
The meaning of the parameters in Eqs. (2.1)-(2.7) is the following. Equations (2.1) and (2.2) describe the rate of reactive flux over some one-dimensional potential barrier, to which an arbitrary multidimensional system with a first-order saddle point can be reduced. This one-dimensional barrier consists of a barrier along the effective reaction coordinate, the instanton, which is determined in numerical calculations, plus zero-point vibrational energies d dβ (βF vib (β)) of degrees of freedom orthogonal to the reaction coordinate. Stability parameters λ j , j = 1, . . . , N − 1 along the instanton trajectory effectively stand for the vibrational frequencies λ j /¯β of N − 1 transverse degrees of freedom. The properties that correspond to the effective one-dimensional barrier are denoted with tilde-hats, i.e., E, W, etc., while the properties that correspond to the instanton trajectories on the original PES (i.e., before adding the contribution of orthogonal degrees of freedom) are denoted with the inst subscript, such as E inst , W inst , etc. The quantities W and E stand for the combined Euclidian action and the corresponding energy under an effective one-dimensional potential barrier. The height V 0 of this effective barrier is given by the maximum value that E can take. The parameter β c defines the unstable harmonic frequency at the top of the effective potential barrier ω b = 2π/¯ β c . Equations (2.1)-(2.5) are governed by E inst (β), W inst (β), and λ n (β). Once such trajectories are determined for given β's, Eqs. (2.1) and (2.2) provide an estimate of quantum reaction rate constant k. At T c = 1/κ β c , i.e., at β = β c , both expressions give the same value of k. 41, 51 Instanton trajectories can be assigned a physical meaning, they represent the optimal tunneling path at a given temperature under a multidimensional barrier, i.e., under a given multidimensional PES with a first-order saddle point. For a general anharmonic barrier, longer oscillation periods of classical periodic trajectories in the inverted barrier correspond to spatially longer trajectories, as seen in Fig. 1 . Hence, lower temperatures (higher values of β) correspond to longer¯β-periodic trajectories, and thus longer tunneling paths. When β decreases, so does the corresponding period¯β of the instanton. The minimum period of classical periodic motion in a general anharmonic well usually corresponds to oscillations around its minimum (or in case of an inverted barrier to the maximum of the barrier), as it can be seen in Fig. 1 . Therefore at some crossover temperature, T c , instantons shrink down to the saddle point, which means that at this and higher temperatures instantons, or tunneling paths, disappear and reaction rate starts to be dominated by over-the-barrier mechanism. We note, however, that, regardless of seemingly simple physical picture of instantons, all important quantum effects of near-the-barrier region such as over-the-barrier reflections are correctly captured by the semiclassical expressions in Eqs. (2.1) and (2.2), for instance, as discussed in Ref. 41 . Clearly, the crossover temperature is determined by the shape It is interesting to note here beforehand that the range of temperatures, 460-500 K, at which KIEs of H-transfer in cis-1,3-pentadiene were measured, 57 is already above its corresponding crossover temperature, which means that the tunneling mechanism is not the primary mechanism of the Htransfer reaction. Yet, it still considerably contributes to the overall KIE increasing it by a factor of 2 as we show further in this paper.
III. POTENTIAL ENERGY SURFACE
It follows from the discussion in Sec. II that the shape of PES, and more importantly its region near the saddle point, determines how much tunneling contributes to the quantum mechanical reaction rate constant. In particular, the crossover temperature T c , that separates under-the-barrier and over-thebarrier regimes of the quantum reaction rate, depends on the frequency of the unstable mode at the transition state. For a quantitative description of KIEs one therefore needs some accurate, preferably ab initio, PES. Previous theoretical studies of hydrogen transfer in cis-1,3-pentadiene molecule 55 successfully reproduced experimental KIEs using empirical valence bond (EVB) PES. 71, 72 In the present paper we use the same PES to test the performance of the present semiclassical instanton approach.
Following the Ref. 55 , EVB potential is constructed by taking the lower eigenvalue of the 2 × 2 matrix (
):
in which V 11 is a potential surface of the diabatic reactants state and V 22 is a potential surface of the diabatic products state. The coupling term V 12 is taken to be such that the EVB potential V EVB (r) matches the accurate electronic PES in the vicinity of the transition state configuration, i.e., the barrier height, the gradient, and the Hessian of V EVB (r) in the transition state configuration should match those obtained from ab initio electronic structure calculations. For this reason, the EVB approach is convenient for our purposes since at noncryogenic temperatures instanton trajectories are concentrated in the vicinity of the saddle point, as in Fig. 1 (c). Thus, we need an accurate description of PES only in the vicinity of the saddle point. Yet, one needs to keep in mind that instanton trajectories of different periods¯β can exist only if PES is anharmonic. If the saddle point region was completely harmonic with some constant unstable frequency ω 0 , then only instantons of period¯β = 2π /ω 0 could exist on the corresponding inverted PES. The latter means that, technically speaking, the information of only accurate gradient and Hessian at the saddle point is not sufficient to appropriately describe the saddle point region, since it is anharmonicity that makes instanton trajectories different. The presence of anharmonicity along the reaction coordinate has been assumed in the derivation of Eq. (2.1). The dependence of reaction rate constants on this anharmonicity is not surprising, since quantum rate constants in harmonic approximation diverge at temperatures below the crossover temperature. For this reason a simple harmonic quantum transition state is inadequate for describing the quantum activated rate process by this method. 41 Yet, since the present PES has successfully reproduced KIEs in Ref. 55 , we assume that anharmonicity effects in the vicinity of the saddle point are correctly captured by the EVB potential of Eq. (3.1).
Potentials V 11 (r) and V 22 (r) are taken as molecular mechanics potentials of the GAFF force field of the AMBER molecular dynamics package: 73, 74 
where the first term stands for bond stretches, the second term for angle bends, the third term for dihedral angles, and the last term represents van der Waals and Coulomb interactions between nonbonded pairs of atoms. The same modifications as in Ref. 55 were introduced to the force field in Eq. (3.2): first, the harmonic bond stretch potential of the bond been broken was replaced with the Morse potential with the dissociation energy of C-H bond; and second, the nonbonded interaction of the bond been formed was omitted in order to reduce its divergent contributions to the EVB potential (3.1).
The coupling term V 12 (r) is taken in the form
where r = r − r TS is a displacement from the transition state configuration r TS , i.e., the saddle point, and scalar A, vector B and matrix C are determined as follows:
,
The parameter α in Eq. (3.3) was taken to be 0.9 a.u. as suggested in Ref. 55 . To summarize, the EVB PES used is built to match the exact quadratic form at the saddle point. The rest of the surface is approximated via the classical molecular mechanics force field, which is overall anharmonic. The resulting PES is therefore anharmonic (inseparable) everywhere except for the saddle point. The optimized transition state configuration, r TS , the barrier height V (r TS ), the gradient ∂V (r) ∂r | r=r TS , and the Hessian
∂r 2 | r=r TS in the transition state configuration were obtained from electronic structure calculations. The latter were performed with JAGUAR software package 76 using MPW1K/6-31+G(d,p) method. The search for the minimum energy configurations was then performed and resulted in the barrier height of 36.05 kcal/mol between the s-cis isomer of pentadiene and the transition state configuration. The unreactive s-trans conformer is 3.29 kcal/mol lower in energy than the s-cis one. The s-trans confomer is therefore the reactant in the overall sigmatropic rearrangement reaction, which in the course of reaction transforms into the s-cis conformer by internal rotation followed by the H-transfer step. 54 The calculated frequencies of D 2 C(CH) 3 CH 3 and H 2 C(CH) 3 CD 3 isotopologues, used in experiment, 57 in their minimum energy 
IV. INSTANTON TRAJECTORIES IN INTERNAL COORDINATES
Pentadiene molecule has 39 degrees of freedom, 3 of which are translational, 3 rotational, and 33 vibrational. These 33 vibrational degrees of freedom constitute a 33-dimensional space of internal coordinates in which instanton trajectories are sought. Overall translations do not make any influence on the internal vibrational dynamics, while overall rotations may interact with vibrations through the centrifugal and Coriolis coupling. Therefore, identification of instanton trajectories in molecules with unrestricted rotations requires appropriate account of vibrational-rotational interactions. Rigorous treatment of rovibrational coupling in semiclassical instanton theory has been developed by Mil'nikov and Nakamura in Refs. 42 and 69. They have successfully applied semiclassical instanton approach to calculate coherent tunnel splittings of degenerate ground state energy levels in multiatomic molecules. Interactions of instanton trajectories with rotations were treated by searching for instantons in curvilinear system of internal coordinates, which is a nontrivial task. Fortunately, our situation is somewhat different. The instanton trajectories that arise in the theory of coherent tunnel splitting have infinite period of classical motion and correspond to the infinite value of inverse temperature β. Yet, the instanton trajectories that are needed for the theory of chemical reaction rates correspond to finite (physiological) values of β. The latter implies that instanton trajectories of the semiclassical reaction rate theory discussed in the present paper are spatially much shorter (as seen in the comparison of Figures 1(c) and 1(a) ), and thus the corresponding vibrational motion along the instanton trajectories has significantly smaller amplitude (tight transition state is assumed in the present paper). For vibrations of small amplitude we can separate vibrational motion from rotations and search for instanton trajectories in non-rotating molecule while treating molecular rotations as those of a rigid body, as shown below.
The
where J α and π α are components of the rotational and vibrational angular momenta, respectively, and μ αβ is the generalized inverse inertia tensor. The first two terms in the Hamiltonian (4.1) correspond to internal vibrations, the third term correspond to the Coriolis coupling of vibrations and rotations, and the last term is a small correction that appears in the expression of Watson Hamiltonian. It is known that the standard rectilinear normal coordinates automatically enforce Eckart conditions, 78 which minimize vibrational angular momentum and make it zero at equilibrium. For small-amplitude motion around equilibrium configuration, we can therefore omit vibrational angular momentum in the molecular Hamiltonian and obtain
For a moderate size molecule, small amplitude vibrational motion does not make a significant perturbation on the magnitude of μ αβ . The latter separates rotations from vibrations as can be seen from Eq. (4.2). At this point, no assumptions were made on the form of the potential V (Q 1 , . . . , Q 3N−6 ) itself which still contains anharmonic couplings of vibrational normal modes. One can argue that Coriolis coupling of vibrational modes may be comparable to the potential anharmonic coupling, however, experimental studies of intramolecular vibrational energy relaxation in small organic molecules 79, 80 suggests that Coriolis coupling is much weaker than the anharmonic mode coupling. The latter is partly due to the large moments of inertia of moderate size molecules which make the Coriolis term small. We thus conclude that for the present purposes it is sufficient to search for instanton trajectories in a (3N − 6)-dimensional normal mode space with the vibrational Hamiltonian given by
We expect that such normal mode representation will remain valid for a general class of instanton trajectories with finite periods that correspond to the temperatures of chemical interest.
To make a canonical transformation from Cartesian coordinates {r 3N } to normal mode coordinates {Q 3N } one needs to diagonalize mass weighted Hessian matrix
∂r j at the equilibrium configuration obtained from the electronic structure calculations of Sec. III. Eigenvectors of the mass weighted Hessian matrix constitute the columns of the tranformation matrix S, such that
where is a diagonal matrix with the corresponding squared vibrational frequencies along the diagonal. The transformation
generates a set of internal coordinates vecQ in the bodyfixed (Eckart) frame. Vector x i = √ m i r i stands for the massweighted Cartesian coordinates. The first 33 coordinates Q that correspond to non-zero eigenvalues of the Hessian constitute vibrational normal modes, while the remaining six coordinates correspond to rotations and translations. Setting these six coordinates to be 0 one can use backward transformation ⎛
to relate instanton trajectories found in the {Q 3N − 6 } coordinates with the mass-weighted Cartesian displacements x 3N of individual atoms from their equilibrium positions. Zero amplitudes of the latter six zero-frequency normal modes constitute the Eckart conditions imposed on a semirigid molecule for separation of rotations from vibrations. 78 The same Eckart conditions were used in the theoretical study of KIEs in cis-pentadiene in Ref. 55 .
Since instanton trajectories for the temperatures of interest are concentrated around the saddle point, it is convenient to consider the transition state configuration of the molecule as an equilibrium configuration around which normal mode analysis is performed. One should note again, that the normal mode analysis here is used only to find a set of convenient internal coordinates, which yet are coupled by the anharmonicities of PES.
To search for instanton trajectories, we use a procedure described in Ref. 51 , although alternative algorithms are also available. 40, 45, 48 An¯β-periodic trajectory can be represented in terms of Fourier series with coordinates {Q 3N− 6 } in the form
The real unknown coefficients C n j are to be found from the solution of δS( C) = 0 by running Newton-Raphson optimization algorithm for the Euclidian action of arbitrary precision for any given inverse temperature β.
51
In practice, it is convenient to start with assigning 2 to 3 lowest order Fourier coefficients to the unstable normal mode while keeping the rest of normal modes fixed and run one round of optimization. Then to unfix some of the remaining stable modes by assigning them the lowest order coefficient C n 0 . After converging optimization algorithm with this number of coefficients, higher order Fourier coefficients can be added in the following rounds of optimization.
The Fourier coefficients C 
V. KINETIC ISOTOPE EFFECTS
Kinetic isotope effect is determined as the ratio k H /k D of the reaction rate constant for the reaction of hydrogen transfer to that of deuterium transfer. We calculate the rate constants of hydrogen and deuterium transfer for the same isotopologues, D 2 C(CH) 3 CH 3 and H 2 C(CH) 3 CD 3 of cis-1,3-pentadiene, respectively, that were measured experimentally. 57 From Table I it follows that the crossover temperature T c =¯ω b /2πκ B , (here ω b is the unstable frequency at the transition state), at which instanton trajectories collapse to the saddle point is 358 K for D 2 C(CH) 3 CH 3 and 283 K for H 2 C(CH) 3 CD 3 . The experimentally reported range of temperatures 460−500 K is above both of these crossover temperatures, which means that within this range of temperatures the reactions of hydrogen and deuterium transfer are dominated by over-the-barrier mechanisms. Yet, tunneling can still make a significant contribution since the crossover temperature, 358 K, of D 2 C(CH) 3 CH 3 is not too far from the reported temperature range.
The fact that the temperature range of interest is above the instanton crossover temperature implies that Eq. (2.2) should be used for evaluation of semiclassical reaction rate constants. It is interesting that Eq. (2.2) depends only on three constant parameters β c , V 0 , and E ( β c ). Once these parameters are determined from instanton analysis, Eq. (2.2) provides an analytical expression for the reaction rate constant at any temperature above the crossover one. Equation (2.2) needs to be modified to include overall rotations, since its original version was derived only on the basis of internal coordinates. Using the correspondence between the semiclassical instanton approach and the transition state theory, 33 and the rest of parameters were defined in Sec. II. To obtain the rate constant of the 1, 5 sigmatropic rearrangement reaction one needs to include the effects of the rapid pre-equilibrium between the unreactive s-trans and the reactive s-cis conformers and to multiply the rate constant of hydrogen transfer step by the equilibrium constant K eq = Q cis /Q trans , where Q cis and Q trans are the partition functions of s-cis and s-trans conformers, respectively. The contribution of the latter equilibrium isotope effect (EIE) K H eq /K D eq on the overall KIE turns to be minor and constitutes 1.07 at 460 K and 1.06 at 500 K.
To determine β c , V 0 , and E ( β c ), that enter Eq. (5.1) and characterize the shape of the effective one-dimensional barrier, we search for instanton trajectories with periods¯β that correspond to temperatures smaller or equal than the crossover temperature T c = 1/κ B β c . A typical temperature dependence of instanton energies E inst (β) and abbreviated actions W inst (β) ≡ PdQ is given in Fig. 3 for the isotopologue D 2 C(CH) 3 CH 3 .
Yet, the one-dimensional potential barrier that corresponds to W inst (β), E inst (β), and W inst (β), such as those in Fig. 3 , is not the correct barrier along the reaction coordinate. One needs to include the effect of degrees of freedom orthogonal to the reaction coordinate. 34 As proposed in Ref. 51 , one can include their effect by considering an effective one-dimensional potential barrier V (s) that corresponds to the Euclidian action W(β) = W inst (β) +¯βF vib (β), where F vib (β) is given by Eq. (2.4) and is the total free energy of orthogonal degrees of freedom expressed through the stability parameters λ i . This approach was tested on several bimolecular reactions and provided rather accurate estimates of quantum reaction rate constants. 51 We follow the same procedure in this paper and calculate stability parameters λ i along the instanton trajectories, which then provide
). The behavior of F vib (β) as a function of the inverse temperature β is shown in Fig. 4 . It turns out that as temperature becomes lower, the value of F vib (β) becomes smaller than that at the saddle point. Physically it means that for the given EVB potential energy surface the total zero-point energy of the orthogonal degrees of freedom decreases as one moves from the saddle point to lower energies for this particular surface. The inclusion of the orthogonal degrees of freedom changes W inst (β), E inst (β), and W inst (β) to the respective
is shown in Figure 5 and in the Appendix. The root of W (β) = 0 (as it can be seen in Fig. 5 ) defines the new effective crossover temperature β c and thus the new curvature of the effective barrier along the reaction coordinate, schematically shown in Fig. 6 . Since β c < β c the unstable frequency ω b = 2π/¯ β c at the effective barrier top is higher than that ω b = 2π /¯β c of the PES. The latter can also be understood from the discussion in the previous paragraph, where we mentioned that for the used PES zero-point energy of transverse degrees of freedom turns to be maximal at the saddle point, as seen in Fig. 6 .
From the extrapolation of W (β) we find the new refined crossover temperatures β c = 1/κ B (375 K), for a.u. Yet, determination of V 0 as an extrapolation of E(β) to the point β = β c is not a reliable procedure since both the rate constant and KIE exponentially depend on V 0 . Extrapolation with a second order polynomial including points in the vicinity of crossover temperature produced KIE of 8.3 at 463.25 K and 6.5 at 500 K.
To obtain more accurate estimates of KIE one should avoid the extrapolation procedure. An approximate analytical expression for V 0 is derived in the Appendix. Assuming that the effects of asymmetry of ZPEs along the reaction coordinate s are minor, i.e., assuming that ZPE(s) = ZPE(-s), one obtains Table II . 
A. Factors contributing to the calculated KIE
The analytical form of the expression (5.1) allows one to study the factors that produce the observed KIE in cis-1,3-pentadiene. Each term in Eq. (5.1) has a clear physical meaning and the equation can be effectively represented as a product of the following contributions. The first one is the transition state theory (TST) reaction rate constant with the barrier height V 0 which includes zero-point energy contributions of the orthogonal to the reaction coordinate degrees of freedom:
The second contribution is the quantum transmission coefficient for the reactive flux over the parabolic transition state barrier which tends to unity as β, the inverse temperature, decreases. And the third contribution,
is the contribution of the potential barrier anharmonicity effects, i.e., the anharmonicity of the barrier along the reaction coordinate. The coefficient Corr( ) removes the divergence of the parabolic barrier transmission coefficient in Eq. (5.6) as β → β c . Figure 7 illustrates contributions of each of the three terms in Eqs. The difference between using the effective barrier shape parameters, β c and E ( β c ), that account for the contribution of the orthogonal degrees of freedom, versus the original instanton parameters β c and E inst (β c ) on PES is illustrated in Figure 7 . This difference constitutes 20% and increases at lower temperatures. It is mostly due to the tunneling transmission coefficient of Eq. (5.6) that depends on the unstable frequency of the barrier. The latter indicates the importance of appropriate inclusion of zero-point contributions, since they influence the shape of the effective reaction barrier. 54 and open squares-QI theory. 55 The 
B. Heavy atom 12 C/ 13 C KIE
We can also study the effect of isotopic replacement of carbon atoms on the rate of hydrogen transfer. Heavy atom isotope effects can be accurately measured in experiments and provide additional information on the mechanisms of chemical reactions. We calculate heavy-atom KIE as a ratio of reaction rate constants, k 12 /k 13 , for the reactions of H-transfer in D 2 C(CH) 3 CH 3 and in its heavier isotopologue, for this initial calculation, with all carbon atoms 12 C replaced by the isotopes 13 C. (In subsequent work using a modified method we plan to replace the C's isotopically one at a time as in the usual experiment on 13 C effects 82, 83 ) To calculate k 13 , we search for semiclassical instantons on the same PES described in Sec. III. The optimization algorithm for instantons of k 13 quickly converges if the instantons of k 12 , that were found in the calculations of H/D KIEs, are taken as an initial guess. We then use the expression in Eq. (2.2) with the potential barrier height from Eq. (5.4) to calculate reaction rate constants k 13 at different temperatures. 12 C/ 13 C KIEs were calculated in the same temperature range as that for H/D KIEs. The results of numerical calculations are shown in Figure 8 .
Similarly to the discussion of Sec. V A, we can investigate the factors that constitute the calculated heavy-atom KIE. The change in zero-point vibrational energy due to the replacement of 12 C with 13 C influences the reaction barrier height, and thus the contribution of TST term, Eq. (5.5), resulting in the TST KIE of about 1.02 in the temperature range from 460 K to 500 K. However, the EIE of trans-cis isomerization, which constitutes 0.974 in the considered temperature range, reduces the KIE down to 0.995. The tunneling contribution, Eq. (5.6), increases KIE further to about 1.06. The in- clusion of barrier anharmonicity, Eq. (5.7), refines the overall KIE, although its effect is small, as one can see in Fig. 8 . We therefore conclude that quantum mechanical tunneling is the main factor that influences heavy-atom KIEs in the considered temperature range. Since the tunneling of atoms is collective and non-separable, as illustrated by instanton trajectories in Fig. 2 , then it is the simultaneous hydrogen-carbon tunneling that dominantly contributes to the calculated heavy atom 12 C/ 13 C KIE. This particular collective tunneling behavior is not well-known in the enzyme field, a field where we plan to apply the present method.
VI. DISCUSSION
This paper demonstrates application of semiclassical instanton approach to calculation of KIEs in 13-atomic system. Intramolecular hydrogen transfer in cis-1,3-pentadiene molecule was chosen as an example. The latter can serve as a prototype of hydrogen transfer reactions in polyatomic molecules. Both experimental and theoretical studies are available for this reaction, which makes it a good test system. We showed that semiclassical instanton analysis can be efficiently applied in this 39 dimensional system, and extensions to systems of higher dimensions are straightforward.
The main idea behind the present instanton approach to the reaction rate theory 51 is a rigorous construction of the effective one-dimensional reaction barrier for any particular multidimensional PES with a first-order saddle point. This reaction barrier is constructed from the energies of tunneling trajectories, the instantons, plus effective zero-point vibrational energies of orthogonal degrees of freedom. The latter zero-point energies are rigorously accounted for in the theory via the stability parameters along the instanton trajectories. Thus constructed, the effective potential barrier has a different shape, and, in some cases, a different height than the classical reaction barrier along the minimum energy path on PES. While the absolute value of a reaction rate constant mostly depends on the height of the barrier, the ratio of rate constants, such as KIE, mostly depend on the shape of the barrier. It is therefore a promising feature of the instanton approach to accurately reproduce KIEs, since it provides a rigorous description of the effective reaction barrier. The particular EVB PES used in the present analysis, however, did not allow one to numerically evaluate the effective barrier height V 0 . The latter is because EVB PES resulted in total zero-point vibrational energy that has maximum in the transition state configuration. Further developments of the theory are needed for this kind of systems. In the Appendix, we have derived an approximate analytical expression for V 0 neglecting the effects of ZPE asymmetry. Since KIEs, being a ratio of two rate constants, are not very sensitive to the barrier height V 0 , the calculated H/D KIEs turn out to be in a good agreement with the experimental and the available theoretical results, as shown in Table II and Figure 7 . We also studied the effect of heavy atom isotopic replacement 12 C → 13 C on the rate of hydrogen transfer in D 2 C(CH) 3 CH 3 and predicted its 12 C/ 13 C KIEs, reported in Fig. 8 .
One of the main merits of the analytical form of the semiclassical expression of a reaction rate constant is that it allows one to investigate the physical mechanisms that are responsible for the observed KIEs. The analyses of both H/D and 12 C/ 13 C KIEs indicate that a significant contribution to the calculated KIEs comes from quantum mechanical tunneling of reactive flux, i.e., collective tunneling of hydrogen and carbon atoms, under the effective onedimensional reaction barrier. Only a small portion of reactive flux tunnels in the reported temperature range of 460-500 K. Yet, it contributes a factor of about 2 to the H/D KIE. For the given EVB PES, quantum tunneling becomes the primary reaction mechanism at temperatures below 375 K for hydrogen transfer in D 2 C(CH) 3 CH 3 , and at temperatures below 292 K for deuterium transfer in H 2 C(CH) 3 CD 3 , as it follows from the corresponding instanton crossover temperatures.
An attractive feature of the semiclassical instanton reaction rate theory is the possibility of its integration with on the fly ab initio calculations of PES. The latter has been demonstrated for low-temperature systems with 21 degrees of freedom, 49 and up to 39 degrees of freedom. 47, 50 Semiclassical instanton approach is therefore a promising technique for calculation of quantum mechanical reaction rate constants and kinetic isotope effects in real multiatomic systems.
